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The two-particle correlation function employed in Hanbury-Brown Twiss interferometry and fem-
toscopy is traditionally parameterized by a Gaussian form. Other forms, however, have also been
used, including the somewhat more general Le´vy form. Here we consider a variety of effects present
in realistic femtoscopic studies which may modify the shape of the correlation function and thereby
influence the physical interpretation of a given parameterization.
I. INTRODUCTION
The observables of Hanbury Brown-Twiss (HBT) in-
terferometry and femtoscopy1 have become a standard
part of the experimental arsenal for measuring and prob-
ing the space-time evolution of heavy-ion collisions. By
construction, these observables use the presence of quan-
tum statistical correlations between identical particles in
momentum-space to infer aspects of the spatio-temporal
structure of the freeze-out surface [1, 2]. The nature of
this inference depends largely upon the way in which
the momentum-space correlations are parameterized in
their relation to the space-time structure of the emitting
source.
For an emitting source whose spatial density falls off
at large distances faster than r−2, one can show that
the leading behavior of this parameterization should be
Gaussian in form [3]. Nevertheless, several alternatives to
the traditional leading Gaussian parameterization have
been considered in the literature, some of which fit the
data quite well [4]. In order to understand why this may
be the case and further assess the meaning of a given
parametrization, it is therefore crucial to assess the ways
in which it can be influenced at the quantitative level by
various physical effects present in realistic measurements
of heavy-ion collisions.
One way to assess the influence of such effects, in prac-
tice, is by means of detailed quantitative modeling. This
is the approach we adopt in this paper. Our goal will be
to assess the importance of various physical effects which
may influence the source characteristcs extracted from a
particular parameterization known as the Le´vy distribu-
1 While femtoscopy can be performed for any identified pairs of
particles, we here reserve the acronym “HBT” for the use of
identical hadrons, which can also be performed on proton pairs
and kaon pairs.
tion. In particular, we will be interested in determining
whether a Gaussian source of particles can ‘mimic’ a more
general Le´vy parametrization of the correlation function
under appropriate circumstances.
The task to understand the physics behind the Le´vy
parametrisation is very important in view of the current
search for the critical point in the QCD phase diagram.
It has been suggested that the produced matter in the
vicinity of the critical point would result in a Le´vy stable
correlation function with Le´vy index (defined below) α =
1/2 [5]. Here, we investigate how also other non-critical
phenomena may influence the value of α.
To answer this question, we begin in Sec. II by dis-
cussing the general formalism for parametrizing and ex-
tracting physics from the two-particle correlation func-
tions which measure quantum statistical correlations. We
first consider both Gaussian and Le´vy parametrizations
of the correlation function in general, and then we pro-
ceed to consider the ways in which the former can be
distorted to look more like the latter in realistic situa-
tions. The sources of distortion which we focus on in this
work include ensemble averaging, one-dimensional repre-
sentations of the correlation function, averaging over fi-
nite bins in the pair momentum ~K, and resonance decay
effects.
A quantitative analysis of these various sources re-
quires detailed model studies, so in Sec. III we describe
two different models that we use for simulating heavy-
ion collisions and computing the associated correlation
functions. These models are based respectively on the
blast-wave model (Sec. III A) and on hydrodynamics
(Sec. III B), both of which have proven to be indispens-
able tools in the analysis of heavy-ion collisions. We will
find in Sec. IV that the primary qualitative conclusions
we wish to draw from these results do not depend signif-
icantly on which model is used. We conclude in Sec. V
by reiterating our most important results.
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2II. FORMALISM
HBT is a powerful technique for probing geometric
properties of an emitting source through the analysis of
momentum-space correlations [1, 2]. In addition to being
used in probing heavy-ion collisions, it was originally ap-
plied in the context of astronomy [6–8]. In this section,
we will present the most important elements of standard
HBT analyses and outline the way in which space-time
information about the emitting source may be extracted
by analyzing the two-particle correlation function. This
will then lead us to discuss some of the ways in which the
usual treatment can be complicated by various aspects of
a realistic analysis.
A. Basics of HBT femtoscopy
The starting point of HBT is the two-particle correla-
tion function which probes the momentum-space struc-
ture of correlations between pairs of identical particles
produced in heavy-ion collisions. In this study, we fo-
cus exclusively on correlation functions constructed from
charged pion pairs. The correlation function is defined
by [9, 10]
C(~p1, ~p2) =
E1E2d
6N/
(
d3p1d
3p2
)
(E1d3N/d3p1) (E2d3N/d3p2)
(1)
In the absence of physical correlations, C (~p1, ~p2) = 1.
Theoretically, the correlation function can also be ap-
proximately formulated in terms of the Wigner distribu-
tion (also known as emission function) governing particle
emission at freeze-out:
C
(
~q, ~K
)
= 1 +
∣∣∫ d4x eiq·xS(x,K)∣∣2(∫
d4xS(x,K + q2 )
) (∫
d4xS(x,K − q2 )
)
(2)
≈ 1 +
∣∣∫ d4x eiq·xS(x,K)∣∣2(∫
d4xS(x,K)
)2 , (3)
where qµ = pµ1 − pµ2 is the relative momentum, Kµ =
(pµ1 + p
µ
2 ) /2 is the pair momentum, and the relation
q ·K = 0 (4)
constrains individually measured pions to be on shell [11].
The validity of the second step in (3) relies on the so-
called “smoothness approximation,” which is justified for
sufficiently large systems such as heavy-ion collisions [12].
For smaller collision systems, which we do not consider
in this work, one needs to revert back to (2).
Space-time information regarding the emitting source
can then be obtained by parametrizing the Bose-Einstein
enhancement term in an appropriate fashion. One con-
ventional and well-motivated choice is the Gaussian form
[3]2
CG(~q, ~K) = 1 + λ( ~K) exp
− ∑
i,j=o,s,l
R2ij( ~K)qiqj
 . (5)
The indices o, s, l refer to the out-side-longitudinal ref-
erence frame. The longitudinal axis coincides with the
beam direction, while the outward axis is parallel to the
transverse component of the pair momentum KT . The
sideward direction is then perpendicular to these two.
Parametrized in this way, the correlation function con-
tains seven undetermined parameters: the intercept pa-
rameter λ( ~K) and the HBT radii R2ij(
~K). In general, λ
ranges between 0 and 1, and quantifies the magnitude
of the Bose-Einstein enhancement when ~q = 0 [9]. The
R2ij , on the other hand, reflect the space-time informa-
tion implicit in the correlation function (1). In particular,
the R2ij(
~K) can be understood in terms of “homogeneity
lengths” [14] characterizing the regions of the freeze-out
surface which predominately emit particles with average
momentum ~K.
The correlation function can in principle be measured
fully differentially in ~q and ~K, and several studies carried
out along these lines have yielded valuable insights into
important aspects of heavy-ion collisions [15–18]. Such
analyses require a relatively large number of pion pairs
in order to make an accurate measurement of (1). For
this reason, it is conventional to modify the basic anal-
ysis described above in a number of ways which, while
improving the statistical precision of the measurement,
implicitly involve different lengths scales in the problem
and thus give reasons for a non-Gaussian shape of the
correlation function. It is, moreover, well known that
the Gaussian form is further altered, even in a fully dif-
ferential measurement of (1), by the contribution to the
final pion yield coming from resonance decays. Hereafter,
we will often refer to these effects collectively as ‘non-
Gaussian effects’ or ‘non-Gaussian sources’. Clearly, the
presence of such non-Gaussian sources can lead to signif-
icant deviations from the traditional Gaussian form (5).
It is therefore important to take note of alternatives
to the standard Gaussian parameterization which have
been proposed in the literature. Examples include expo-
nential forms [15, 16], various types of power laws [19],
Edgeworth expansions [18, 20], and even mixtures of ex-
ponentials and Gaussians [17]. Another popular, some-
what more general form is the Le´vy (or Le´vy-stable) dis-
tribution, which has been explored in connection with
sensitivity to enhanced fluctuations near a QCD critical
point [4, 5]. The Gaussian and exponential parameteriza-
tions are special cases of the Le´vy distribution, meaning
that the latter provides one way of quantifying deviations
2 We assume that the data have already been corrected for the
effects of Coulomb interactions [13].
3in the measured correlation function from exact Gaussian
or exponential scaling.
More precisely, the Le´vy distribution is defined by the
following generalization of the Gaussian and exponential
parameterizations [21]:
CL(~q) = 1 + λ exp
−
∣∣∣∣∣∣
∑
i,j=o,s,l
R′2ijqiqj
∣∣∣∣∣∣
α/2
 , (6)
and we have suppressed the explicit dependence on ~K.
Here, α is typically referred to as the Le´vy exponent, and
the R′2ij parameters are analogous to the R
2
ij appearing
in (5). If the cross terms in (6) are neglected, we obtain
CL(~q) = 1 + λ exp
[
− (R′2o q2o +R′2s q2s +R′2l q2l )α/2] . (7)
Finally, the one-dimensional case can be written
CL(Q) = 1 + λ exp
(− |R′Q|α) , (8)
where Q is a scalar version of the relative momentum q
which will be defined below.
The Le´vy exponent α characterizes the shape of the
correlation function, and thus provides one method for
testing the ‘degree of non-Gaussianity’ present in the
data. While some of this non-Gaussianity can originate
from exotic phenomena like critical fluctuations, it is im-
portant to assess the extent to which more mundane ef-
fects, such as the contributions from resonance decays
mentioned above, can influence the shape of the observed
correlation function as well. It is therefore necessary to
understand how these latter effects can distort correla-
tions present in an otherwise Gaussian source, in order
to establish a baseline for interpreting α in terms of gen-
uinely non-Gaussian features of the correlation function.
In the remainder of this section, we describe several of
these effects in greater detail and the way in which they
must be evaluated quantitatively in modeling HBT and
femtoscopic analyses.
B. Ensemble averaging
In order to build up statistics, it is conventional to av-
erage the numerator and denominator of (1) separately
over a large collection of collision events. This proce-
dure is often referred to as either ‘ensemble averaging’ or
‘event averaging’. We use the two terms interchangeably
here.
After averaging, (1) and (3) must be replaced by [22,
23]
Cev.avg. (~p1, ~p2) =
〈
E1E2d
6N/
(
d3p1d
3p2
)〉
ev
〈E1d3N/d3p1〉ev 〈E2d3N/d3p2〉ev
(9)
and
Cev.avg.(~q, ~K) ≈ 1 +
〈∣∣∫ d4x eiq·xS(x,K)∣∣2〉
ev〈(∫
d4xS(x,K)
)2〉
ev
.(10)
C. ~K averaging
The size of a bin in the pair momentum ~K clearly can-
not be taken to be arbitrarily small for a fixed number of
pion pairs. This implies that correlation functions must
be averaged over some pair momentum interval whose
size is determined by the density of available pairs. Since
a specific momentum is usually produced just by a part
of the whole fireball—called the homogeneity region—
taking an interval of pair momenta implies averaging over
different homogeneity regions. Following similar logic as
in the previous subsection, the averaged correlation func-
tion can be written schematically as
C(~q, ~K) ≈ 1 +
∫
bin
d3K
∣∣∫ d4x eiq·xS(x,K)∣∣2∫
bin
d3K
(∫
d4xS(x,K)
)2 , (11)
where
∫
bin
d3K (· · ·) naturally represents an average over
a given ~K-bin. In this paper, all correlation functions are
first evaluated as functions of ~q and ~K and then averaged
over the azimuthal direction of ~K in the transverse plane,
denoted ΦK . Only such ΦK-averaged correlation func-
tions are finally fit to extract, e.g., the Le´vy exponent
α.
D. One-dimensional projection
Another way to improve statistical precision is to mea-
sure the correlation function as a function of a single
scalar quantity which is commonly chosen to be either
Lorentz invariant or simply boost invariant in the longi-
tudinal direction [4]. This approach has the benefit of
reducing statistical errors and improving the precision
of the correlation function measurement, but it tends to
distort the measured correlation function from the ex-
pected Gaussian form when the fully differential correla-
tion function deviates from a spherically symmetric form.
To see how to obtain the projected (i.e., one-
dimensional) correlation function from the full, three-
dimensional correlation function, let us focus on the nu-
merator of (3); the denominator can be handled in a
similar fashion. First, we introduce the shorthand
Num(q,K) ≡
∣∣∣∣∫ d4x eiq·xS(x,K)∣∣∣∣2 . (12)
The total number of pairs entering the numerator (at
fixed K) is independent of whether the correlation func-
tion is projected and is obtained, up to an overall nor-
malization factor [9, 24], by integrating over q:
Npair,num(K) ≡
∫
d3qNum(q,K) (13)
This will be unchanged if we insert a factor which is equal
4to 1 by definition:
Npair,num(K)
≡
∫
d3q
∫
dQ
2 |Q|δ
(
Q2 −Q′2(q)
)
Num(q,K), (14)
where Q′ ∈ (−∞,∞) is a scalar constructed from the
relative momentum ~q which can be defined in different
ways. The Lorentz invariant definition is given by
Q2inv = −qµqµ = ~q · ~q −
(
q0
)2
. (15)
This has the disadvantage that Q2inv may become 0 even
is none of the components of qµ vanishes. This is in-
convenient, because a peak of the correlation function
is expected at vanishing momentum difference, but this
feature could reduce the peak. Therefore, in [4] a differ-
ent variable has been proposed, which is not 0 unless all
components of qµ vanish
Q2LCMS = q
2
o + q
2
s +
(p1,lE2 − p2,lE1)2
K20 −K2l
. (16)
This definition makes Q2LCMS longitudinally boost in-
variant, while it collapses to a simple interpretation
Q2LCMS = ~q · ~q in the longitudinally co-moving system,
where Kl = 0.
For any choice of Q′, the projected numerator is then
constructed by defining
Npair,num(Q,K)
≡ 1
2 |Q|
∫
d3q δ
(
Q2 −Q′2(q)
)
Num(q,K) . (17)
The argument proceeds similarly for the denominator, so
that the projected correlation function then reads3
C(Q, ~K) ≈ 1+∫
d3q δ
(
Q2 −Q′2(q)
) ∣∣∫ d4x eiq·xS(x,K)∣∣2∫
d3q δ
(
Q2 −Q′2(q)) (∫ d4xS(x,K))2 . (18)
Customarily, the choice of Q′ in the δ-function is indi-
cated by C(Qinv,K) or C(QLCMS,K). We will consider
both possibilities in this study.
E. Resonance decays
The effects of resonance decays on the HBT radii
have been studied previously [25] and are by now well
known. Each resonance which contributes to the final
3 Notice that if we had not used the smoothness approximation,
the denominator of (18) would no longer factorize as it does here.
pion yield must first decay into lighter particles; the typ-
ical timescale on which this happens in the resonance’s
rest frame is set by its inverse width. This introduces a
corresponding scale in the total pion emission function
which represents the typical distance a resonance propa-
gates before decaying.
Moreover, since many different resonances contribute
to the final pion yield, many different lengthscales and
timescales are therefore represented in the space-time
structure of the total pion emission function. It is a fun-
damental property of Gaussian distributions that they
may be fully characterized in terms of a single length-
scale, namely, their standard deviation σ; conversely,
any distribution characterized by multiple lengthscales
cannot be Gaussian in form. Hence, since the total
pion emission function contains multiple different length-
scales, it must therefore deviate from a Gaussian form
once resonance effects are taken into account.
This last observation is true, even for the fully differen-
tial correlation function, meaning that the Gaussian form
fails to capture the complete structure of (1). Fortu-
nately, the resulting non-Gaussianities can still be quan-
tified and studied systematically using the “q-moments”
proposed in [25]. For most resonances, the effects of res-
onance decays are mainly confined to a narrow region
about the origin ~q = 0, and the space-time structure of
pion emission directly from the freeze-out surface can be
isolated by focusing the analysis at somewhat larger val-
ues of |~q| [23, 26].
III. MODEL STUDIES
Having presented several different effects which can
lead to non-Gaussianities in the measured correlation
function, we now proceed to quantify the magnitude of
each effect on a typical correlation function. In particu-
lar, the modeling of resonance decays requires the ability
to simulate the effects of the decay cascade, for which
purpose we consider two different packages for modeling
heavy-ion collisions. In this section, we detail their basic
elements and structure, and in the next section we con-
sider the effects of each source of non-Gaussianity within
the context of each model.
A. The blast-wave model
The blast-wave model [29–33] is a parametrisation
of emission from a thermalized fireball, which expands
longitudinally in a boost-invariant way and also trans-
versely. Our version of the model allows for azimuthal
anisotropies in the shape as well as the transverse expan-
sion. It is defined by its emission function
5S(x, p) d4x =
1
(2pi)3
(
exp
(
uµ(x)pµ
T
)
± 1
)−1
Θ(R(θ)− r) δ(τ − τfo)mt cosh(η − y)τ dτ dη r dr dθ . (19)
Due to existing symmetries and the dominant dynamics, radial coordinates r and θ are used in the transverse plane,
and the other two coordinates are space-time rapidity η and longitudinal proper time τ
η =
1
2
ln
t+ z
t− z , τ =
√
t2 − z2 . (20)
To express the four-momentum of the particle we use its transverse mass mt and rapidity y.
In the transverse direction the fireball has a sharp cutoff set by Θ(R(θ)− r), where the transverse radius oscillates
in azimuthal angle
R(θ) = R0 [1− a2 cos (2(θ − θ2))] . (21)
Here, R0 is the (mean) transverse radius, a2 is the amplitude of the second-order oscillation, and θ2 is the direction
of the second-order event plane. All freeze-out happens along the hypersurface set by longitudinal proper time τfo
and mt cosh(η − y)τ dτ dη r dr dθ is the Cooper-Frye factor which stands for the flux of the particles through this
hypersurface [34].
Thermal production is encoded in the standard Fermi-Dirac or Bose-Einstein distribution, where uµ(x)pµ gives the
energy of the particle in the local rest frame of the fluid. The expansion is expressed via the velocity field
uµ(x) = (cosh η cosh ηt(r, θb), cos θb sinh ηt(r, θb), sin θb sinh ηt(r, θb), sinh η cosh ηt(r, θb)) , (22)
The transverse velocity is here parametrised with the
help of transverse rapidity ηt
vt = tanh ηt(r, θb) , (23)
which grows with the distance from the longitudinal sym-
metry axis of the fireball and shows also a second-order
variation
ηt(r, θb) = ρ0
r
R(θ)
[1 + 2ρ2 cos(2(θb − θ2))] , (24)
where ρ0 and ρ2 are parameters of the model. Note that
the transverse rapidity varies with θb and not with θ; the
former is directed always so that it points perpendicularly
to the surface with constant r/R(θ) and is given as
tan
(
θb − pi
2
)
=
dx2
dx1
=
dx2
dθ
dx1
dθ
=
dR(θ) sin(θ)
dθ
dR(θ) cos(θ)
dθ
, (25)
where the functional dependences x1(θ), x2(θ) refer to
the transverse boundary of the fireball [35].
For the actual calculation of various effects we will gen-
erate artificial events with the help of DRAGON Monte
Carlo event generator [27, 28], which is based on this
blast-wave model. In addition to that, DRAGON also
includes the production and decay of resonances. They
are produced from the same emission function with their
pole masses, and they decay exponentially in their own
time according to their widths. Both two- and three-
body decays are included as well as the possibility that
one resonance type can decay via various channels ac-
cording to their branching ratios. Cascades of decays,
in which several resonances decay consecutively, are also
possible within the model.
For this study, we used DRAGON to generate sets of
50,000 events. The basic setting of the parameters used
includes the temperature of 120 MeV, the average trans-
verse radius R = 7 fm, freeze-out time τfo = 10 fm/c,
and the strength of the transverse expansion ρ0 = 0.8.
The correlation functions from the simulated samples
are generated by CRAB [36] and fitted to find the best
parametrisation. Hence, this procedure resembles the
one used by experimentalists and the correlation func-
tion is obtained in bins in the momentum difference q.
B. Hydrodynamics
In addition to studying the correlation functions
obtained from the blast-wave model, we also con-
sider an approach based on hydrodynamical model-
ing of the collision system using the iEBE-VISHNU
model [37, 38]. This model is then extended to
HBT using the HoTCoffeeh (Hanbury BrOwn-Twiss
COrrelation Functions and radii From Event-by-Event
Hydrodynamics) package [39] which computes the event-
by-event correlation functions entirely in terms of
Cooper-Frye integrals. Note that this determination of
the correlation function is thus in principle exact. We
briefly describe the most important elements of these
modeling tools for our purposes; further details can be
obtained in the relevant references [38, 39].
The iEBE-VISHNU package [38] combines a Monte-
6Carlo initial state model (e.g., MC-Glauber [40–42])
with hydrodynamic evolution which is determined by the
boost-invariant Israel-Stewart equations [37, 43]. The
iEBE-VISHNU package is well-documented and publicly
available for download [44]. The Nev = 1000 events
used in this study were generated for 0-10% Au+Au col-
lisions at 200A GeV using MC-Glauber hydrodynamic
initial conditions, a value of η/s = 0.08 during the hy-
drodynamic evolution, and a freeze-out temperature of
Tfo = 120 MeV.
The HoTCoffeeh code [39] was recently developed to
compute the HBT correlation function on an event-by-
event basis by directly evaluating Cooper-Frye [34] in-
tegrals over the freeze-out surface. The freeze-out inte-
grals themselves contain contributions both from directly
(‘thermally’) produced particles and also from resonance
decays. In principle, HoTCoffeeh is capable of evaluat-
ing all contributions from resonances in the PDG book
[45, 46] up to and including the mass of the Ω(2250)−
baryon. This corresponds to roughly 320 resonances and
1500 decay channels, many of which contribute only neg-
ligibly to the final pion yields.
In order to accelerate the computation of the
correlation function with resonance effects included,
HoTCoffeeh evaluates only the small subset of all res-
onances which is necessary to reach a given threshold
of the total decay contribution (e.g., in this study, we
considered only the most important resonances neces-
sary to produce 60% of the total pion yield coming
from resonance decays). Once the threshold is reached,
HoTCoffeeh extrapolates linearly from the partial res-
onance yield to estimate the total resonance contribu-
tion. This trick, which was first introduced in [47] for
approximately evaluating resonance contributions to the
anisotropic flow coefficients vn, reduces the average run-
time of the code by several orders of magnitude, and was
shown in [39] to produce reasonable agreement with the
full resonance calculation.
IV. RESULTS
We begin our model studies by testing the sensitivity
of our results to the definition used for Q, given either by
Eq. (15) or by Eq. (16). This comparison is made using
the hydrodynamic approach, with the results shown in
Fig. 1. The differences between Qinv and QLCMS can be
appreciated by comparing the blue solid and red dotted
curves with the corresponding green dashed and cyan
dash-dotted curves in Fig. 1. From these comparisons,
we find that the non-Gaussian sources of event averaging
and the choice of Qinv or QLCMS matters only at the
quantitative level for the shape of α(KT ); the qualitative
trends are mostly unaffected by these choices.
Fig. 1 also illustrates the effects of ensemble averaging
on the shape of the measured correlation function. The
single-event (SE) curves in Fig. 1 are represented by the
blue solid and green dashed curves, while the ensemble-
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FIG. 1: A comparison of α(KT ) with and without different
non-Gaussian effects: with and without ensemble averaging
(solid blue and dashed green vs. dotted red and dash-dotted
cyan) and one-dimensional projection in hydrodynamics, for
different choices of Q, corresponding either to Eq. (15) or to
Eq. (16). The comparison is made both for thermal pions only
(upper panel) and for the full thermal and resonance contri-
butions added together (lower panel). Despite small quantita-
tive differences, comparison of these curves shows that neither
the choice of Q nor the inclusion of ensemble averaging has a
dramatic effect on the KT -dependence of α.
averaged (EA) curves are indicated by the red dotted
and cyan dash-dotted curves. One finds that, for the
one-dimensional projections of the correlation function,
the various α(KT ) curves show surprisingly little sensi-
tivity to the effects of event-by-event fluctuations. Here-
after, unless stated otherwise, we present only ensemble-
averaged results.
Similar conclusions regarding the importance of en-
semble averaging can be obtained from the blast-wave
approach. We begin by considering the effects that the
averaging over many fireballs with different shapes may
have on the value of the Le´vy parameter α. Indeed, in
real experiments each fireball is different, with different
7sizes, eccentricities, and orientations of the event plane.
We therefore anticipate that averaging over a distribu-
tion of source shapes, as is implied by (10), will cause α
to deviate from 2. In this treatment, we limit our focus
to second-order anisotropies.
We first study the effect of averaging over different
values of the spatial anisotropy parameter a2. Figure
2 (left) compares the Le´vy parameter α from two sets
of Monte Carlo events. In the first set, all events have
the spatial eccentricity with a2 = 0.05. In another set,
the eccentricity fluctuates with a2 between −0.1 and 0.1.
We see that the values of α departs from 2 considerably
and reaches values between 1.27 and 1.75. The averaging
makes up only a small portion of this decrease, at most
at a level of 0.05.
Almost identical results quantitatively come from the
averaging over flow anisotropy (Fig. 2, middle) and the
event plane orientation (Fig. 2, right). In the middle
panel we compare Le´vy index α obtained from a set with
ρ2 fixed to 0.05 with a set with events for which ρ2 fluctu-
ates between −0.1 and 0.1. For the event plane averaging
we see no change if θ2 fluctuates in comparison to θ2 fixed
to 0. The anisotropy parameters a2 and ρ2 in this case
fluctuate between −0.1 and 0.1.
We investigate next the influence of resonances on the
obtained value of α. We use the basic source of particles
in the blast-wave model with the same basic parameters
as in the previous case, and we compare correlation func-
tions obtained with and without resonance decays. We
also include corresponding calculations resulting from hy-
drodynamics, using the set-up described in the previous
section. In Figure 3 we show the Le´vy indices α ob-
tained from fits to the correlation functions as a function
of KT . We know from the previous Figure already, that
the one-dimensional correlation function has quite a non-
Gaussian shape. Now we see that the inclusion of the
resonance decays pushes down the value of α by another
0.2. The influence of resonance decays is much bigger
than that of averaging over different events! This clearly
holds whether one uses the BW model or hydrodynamics
to describe the collision evolution and freeze-out. Notice
also that the non-Gaussianity is stronger at small than
at large KT , an effect which can be at least partially
attributed to the dramatic differences between the mag-
nitudes of the longitudinal and transverse radii at small
KT .
To gain further insight into these results, we repeat our
analysis in a more differential fashion by considering in-
dependent (one-dimensional) Le´vy fits along each axis of
the full differential correlation function separately. The
fits are performed with the Le´vy prescription (8). This
is not a three-dimensional analysis, since we do not fit
the correlation function in the whole q-space; instead, we
confine ourselves only to fits along the axes. The aim is
to see the differences in its shape along different direc-
tions. Indeed, we observe in Fig. 4 that the differences
are rather large. First, consider the blast-wave model re-
sults presented in the upper panel. If resonance decays
are not included, the value of α is around 2 in both trans-
verse directions. However, in the longitudinal direction
the Le´vy index α is lowered to 1.8 at KT = 0 and in-
creases gradually towards 2 at KT = 1 GeV. Also, the
influence of resonance decays is different for longitudinal
and transverse directions. In the longitudinal direction
the resonance decays cause a decrease of α by about 0.2.
In transverse directions, however, α drops as low as 1.5
due to inclusion of resonance decays.
These conclusions are reinforced by considering the hy-
drodynamic approach (lower panel of Fig. 4). The trans-
verse radii obtained from thermal pions in this case have
α ∼ 2, except for some minor deviations at small KT and
a dip at large KT in the outward direction. The longitu-
dinal radius obtained from thermal pions, on the other
hand, is not very well described by a Gaussian at small
KT , as is already well known [48].
Once resonance effects are included in the hydrody-
namic approach, all three directions deviate much more
strongly from a Gaussian form. The effects are again
most pronounced at small KT where the effects of reso-
nance decays are most important; at large KT , thermal
pion production again begins to dominate and the emis-
sion source again becomes more Gaussian in form [39].
We would like to understand these differences further
from the perspective of the blast-wave model. To do this,
we directly check the shape of the source which emits
pions in this approach.
The profiles of the emission function are plotted in
Fig. 5, for pions with transverse momentum between 300
and 400 MeV. We show the distribution of the produc-
tion points of pions, with pions from resonance decays
included. The upper row shows that there is quite a
difference between the longitudinal and the transverse
directions. One could argue, however, that due to the
on-shell constraint (4) it is not the distribution in x, that
is measured, but rather the distribution in (x− βtt). We
plot this in the lower left panel of Fig. 5. In the gradient
plots in the two right panels of the lower row we show,
that both in the (x, y) and (x− βtt, y) planes the source
is asymmetric.
Finally, we extend the fitting to the whole three-
dimensional correlation function from the previous simu-
lations. The fit is performed with the three-dimensional
Le´vy distribution (7), so it always results in a single value
of α. This is plotted in Fig. 6 as a function of KT for
both models. We can see that the obtained α’s are closer
to 2 than in the case of fitting the one-dimensional cor-
relation functions in QLCMS, although considerable de-
viations from 2 are still present. Inclusion of resonance
decays lowers α by about 0.1–0.3, depending on KT .
V. CONCLUSIONS
In this paper we have presented an analysis of the Le´vy
index and how it may be influenced by a variety of differ-
ent mechanisms which are relevant when measuring the
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FIG. 2: The Le´vy parameter of the 1D fit to the correlation function in QLCMS. Mean transverse momentum KT in bins of
100 MeV. The green points show results calculated with fixed anisotropies, while the blue points show results calculated for
averaging over a2 (left); averaging over ρ2 (middle); and averaging over θ2 (right).
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FIG. 3: The Le´vy parameter α of the 1D fit to the correla-
tion function in QLCMS. Result from the fits to correlation
function from a source without resonances (blue circles) and
with resonances (green squares). The solid points with error
bars correspond to the BW approach, while the open points
connected by lines represent the hydrodynamic results, both
for ensemble-averaged (EA, solid) and for single-event (SE,
dashed) correlation functions.
correlation function. The deviations appear to be more
pronounced in the blast-wave model than in the hydro-
dynamic model, but the large deviations from α = 2
nevertheless occur in both approaches explored here. We
thus expect our primary conclusions to be robust and
relatively model-independent.
We have found that the most significant deviations
arise from two separate sources. The first source results
when projecting the correlation function from its depen-
dence on the full three-dimensional relative momentum
~q to a one-dimensional dependence on the scalar relative
momentum Q. We have noted two separate definitions
of Q which occur in the literature, and have found that
the correlation functions projected against each of these
quantities are quite similar to one another. The effect of
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FIG. 4: The Le´vy parameter α from 1D fits to the correlation
function in QLCMS along the different axes, with or without
resonances. Upper panel: BW model. Lower panel: hydro-
dynamics.
9−20 −15 −10 −5 0 5 10 15 20
x (fm)
0.000
0.001
0.002
0.003
0.004
ρ
Sum
Direct
Resonances
−20 −15 −10 −5 0 5 10 15 20
y (fm)
0.000
0.001
0.002
0.003
0.004
ρ
Sum
Direct
Resonances
−20 −15 −10 −5 0 5 10 15 20
z (fm)
0.000
0.001
0.002
0.003
0.004
ρ
Sum
Direct
Resonances
−20 −15 −10 −5 0 5 10 15 20
x− βT t (fm)
0.000
0.001
0.002
0.003
0.004
ρ
Sum
Direct
Resonances
−10 −5 0 5 10
x (fm)
−10
−5
0
5
10
y
(f
m
)
0.0
1.0
2.0
3.0
4.0
ρ
×10−3
−10 −5 0 5 10
x− βT t (fm)
−10
−5
0
5
10
y
(f
m
)
0.0
1.0
2.0
3.0
4.0
ρ
×10−3
FIG. 5: The spatial distribution of the emission points of pions. Upper row: the profiles of the emission points distribution
along the x (left), y (middle), and z-axis (right). Lower row: the profile along the variable (x−βtt) (left), and two-dimensional
distributions in the transverse plane (middle and right). The green ×’s show the profile of direct pions, the blue ∗’s show
the profile of pions produced by resonances and purple +’s show their sum. All these distribution were calculated as narrow
integrals over the remaining coordinates with width 2 fm.
0 200 400 600 800 1000
KT (MeV)
1.4
1.5
1.6
1.7
1.8
1.9
2.0
α
Thermal (Blast-Wave)
Thermal (Hydro, EA)
Thermal (Hydro, SE)
Full (Blast-Wave)
Full (Hydro, EA)
Full (Hydro, SE)
FIG. 6: The Le´vy parameter of the 3D fit to the correlation
function according to Eq. (7). Compared are simulations with
and without resonances.
projection alone generically leads to values of α in the
range 1.3-1.6 for a wide range of KT values. This is true
even when the three-dimensional correlation function is
well described by α = 2: at low KT the 3D fit to correla-
tion function only due to thermal pions in Fig. 6 gives α
near 2, while the projection of the same correlation func-
tion in Fig. 3 suppresses α considerably. Scalar versions
of the relative momentum Q therefore tend to obscure
some of the underlying physics in a way which makes de-
tailed properties of the full three-dimensional correlation
function significantly more difficult to reconstruct.
The second significant source of non-Gaussianity, as
represented by the extracted values of the Le´vy index
α, arises from resonance decays. In practice, we observe
that the extracted value of α is reduced by an additional
0.1-0.2 in models which include resonance decays, when
compared with models in which only direct pion produc-
tion is considered.
In addition to the effects of one-dimensional projec-
tion and resonance decays, we also considered the effects
of ensemble averaging and bin-averaging in the pair mo-
mentum ~K. However, we found these effects to have a
relatively small influence on the value of α, as compared
with the effects of resonance decays and one-dimensional
projection.
We have also demonstrated the well known fact that
the correlation function tends to be non-Gaussian in the
longitudinal direction, just because the source is non-
Gaussian due to its boost-invariant expansion.
Interestingly, we observed that the Le´vy index moved
somewhat closer to the Gaussian limit α = 2 when the
full three-dimensional correlation function was parame-
terized using Eq. (7). In this case, the effects of one-
10
dimensional projection are eliminated. The inclusion of
resonance decays still has a visible effect in both mod-
els, but the precise KT -dependence of the Le´vy α is now
much more sensitive to underlying differences between
the two models. In addition, a comparison of the single-
event (SE) and ensemble-averaged (EA) curves suggests
that at least some of the non-Gaussianity stems from the
effects of ensemble averaging. Any remaining discrepan-
cies from α = 2 then result either from the omission from
Eq. (7) of the usual off-diagonal terms present in Eqs. (5)
and (6), or from the fact that the underlying source itself
is not perfectly described by a Gaussian [48].
The analysis presented here could conceivably be im-
proved in a variety of ways. For instance, the hydrody-
namic approach was used to model a boost-invariant sys-
tem with specific bulk viscosity ζ/s = 0 and no hadronic
afterburner phase following chemical freeze-out. A more
sophisticated approach would favor a full, 3+1D hydro-
dynamic simulation with a realistic parametrization of
(η/s)(T ) and (ζ/s)(T ), and a more realistic treatment of
the system following hadronization. Doing so might, for
instance, lead to more significant differences between the
correlation functions of a single, fluctuating event and
the ensemble average of many events. Similar comments
could be made for the blast-wave model.
Furthermore, one could try to reproduce and under-
stand the observed KT dependence of the Levy index [4],
which we did not attempt here.
However, none of these potential improvements is ex-
pected to alter the main conclusion of this work, which is
that a high degree of non-Gaussianity arising from a Le´vy
parametrization of the correlation function can be under-
stood in terms of various aspects of realistic, femtoscopic
analyses. We find that the relatively mundane sources of
non-Gaussianity considered here are more than sufficient
to account for the sub-Gaussian Le´vy exponents often
extracted in experimental analyses.
The results of our analysis thus strongly suggest that
much of the non-Gaussian deviation observed in [4] arises
from a variety of relatively mundane, non-critical sources
of generically non-Gaussian behavior. These sources risk
contaminating any signal of genuine critical fluctuations
or other intriguing physical phenomena which might be
present. A firm, quantitative handle on the effects of
these various sources will therefore be essential before
any definitive physical insights can be drawn from mea-
surements of the Le´vy index in heavy-ion collisions.
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